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The instability of supersonic mixing layers, with velocity profiles possessing a wake component, is 
investigated using linear, inviscid, spatial theory. The mean-velocity profile is represented by a 
hyperbolic-tangent profile plus a wake component. Such profiles are encountered in the initial 
region of experimental supersonic shear-layer lIows, as well as in envisaged hypersonic propulsion 
systems in which ingested boundary layers generate substantial wake components. Shear-layer and 
wake instability modes previously found in incompressible mixing layers are also found in 
compressible mixing layers. The existence of a wake component in the velocity profile renders the 
mixing layer more unstable at all free-stream Mach numbers. For convective Mach numbers 
exceeding unity, the shear-layer mode splits into two supersonic modes, and the mixing layer 
becoming more unstable with increasing wake deficit. The wake mode becomes less unstable and 
eventually stable with increasing compressibility, i.e., increasing convective Mach 
numbers. 0 1995 American Institute of Physics. 
1. INTRODUCTION 
Inviscid, spatial, linear hydrodynamic stability properties 
of shear-layer/wake flows have been studied in the past. In 
incompressible mixing layers with a wake component, the 
existence of an unstable wake mode was found in temporal 
stability calculations by Miksad.’ Koochesfahani and Frieler 
found two unstable modes, using spatial stability calcula- 
tions, which they named the shear-layer mode and the wake 
mode.’ The shear-layer mode can be associated with the dy- 
namics of the Kelvin-Helmholtz rollup. The rollup patterns 
of the wake mode resemble those seen in wakes. In the limit 
of unity velocity ratio, i.e., a symmetric wake in the absence 
of overall shear, the shear-layer, and wake modes approach 
the sinuous and varicose modes, respectively.3 For compress- 
ible, shear-layer/wake flows, the existence of the correspond- 
ing shear-layer and wake modes was investigated by 
Zhuang.4 In a stability study of laminar wakes, Lees and 
Gold showed that the sinuous mode is more unstable than the 
varicose mode.5 A strong stabilization effect of the Mach 
number on shear-layer/wake flows was demonstrated by 
Ragab in his linear-stability analysis.6 More recently, a sta- 
bility study of developing supersonic mixing layers was con- 
ducted by Liang et al., 7 in which three unstable modes were 
found. 
Experimental results of compressible, unbounded, mix- 
ing layers indicate that mixing-layer growth basically stops 
decreasing, with increasing free-stream (and convective) 
Mach number, beyond a certain minimum value.‘-” In con- 
trast, linear instability calculations of pure shear layers, i.e., 
mixing layers with monotonic mean-velocity profiles, sug- 
gest an ever-decreasing growth rate with increasing convec- 
tive Mach number.“-13 Previous, two-dimensional, numeri- 
cal simulations for compressible mixing layers, without 
consideration of the influence of a wake component, at least 
in the initial velocity profile, also showed a strong reduction 
in the mixing-layer growth rate as the free-stream convective 
Mach number increases.14,15 In order to investigate possible 
mechanisms to explain the experimentally observed Mach- 
number behavior, the stability characteristics of compressible 
mixing layers are studied in this paper for a mean-velocity 
profile that includes a wake component. 
It may be worth noting that in flows envisaged in 
hypersonic-propulsion devices, a mixing-layer zone will de- 
velop with substantial, if not dominant, wake components, as 
a consequence of the ingestion of very thick, turbulent 
boundary layers that have developed in the course of the 
large upstream fetch. As a consequence, not only is incorpo- 
rating a strong wake component in the velocity profiles man- 
datory, but the classical descriptiotis in terms of the stability 
of monotonic, e.g., hyperbolic-tangent, error-function, or 
monotonic boundary-layer-type velocity profiles are also not 
directly applicable. 
The investigations described in this paper are made of 
the case of inviscid flow, under the assumptions that the 
gases in the two streams are the same and the main flow can 
be treated as parallel. The disturbances to a mean mixing- 
layer flow with a wake (velocity-defect) component are as- 
sumed to be two or three dimensional (oblique), spatially 
developing, and of small amplitude. 
II. FORMULATION OF THE PROBLEM 
A. The stability problem 
Consider a two-dimensional, parallel flow of two 
streams. With high-speed free-stream quantities as the refer- 
ence and the local, transverse mixing-layer thickness as the 
length scale, the general dimensionless quantity of the flow 
field can be expressed as 
QW,t) = i%y, + Q’(w,t), (1) 
where ~$&y> is the corresponding mean-flow quantity. The 
coordinates, x and y, represent the dimensionless streamwise 
and transverse directions and t the dimensionless time. As- 
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sume that the tlow is subjected to a two-dimensional, small 
disturbance, propagating in the x direction, of the form 
Q’Ix,y,t)=fQ(.y)expCia(x--ct)l, (2) 
where fQ(y) is a dimensionless, complex eigenfunction of 
the y coordinate, only; a is a dimensionless, complex wave 
number; and c is a dimensionless, complex wave velocity. 
From the basic disturbance equations for inviscid flows., 
a second-order differential equation can be derived for the 
dimensionless pressure-disturbance profile, dy), e.g., Ref. 
4, 
7?(y)-($--$-r(yj-a*( l-$i&~)z)7i-(y) 
-0. (3) 
In this expression, M, is the high-speed free-stream Mach 
number and L=i$‘(y) and ?= !&y) are the dimensionless 
mean-velocity and mean-temperature profiles, respectively. 
The boundary conditions for the 7T(y) eigenfunction are 
found by considering the limiting form of Eq. (3) far from 
the mixing layer, i.e., in the two free streams, as y-+f~. ln 
that limit Lf (y ) = ?“ (y ) = 0, and the solutions to Eq. (3) are 
given by 
dy)=A+ exp(+X+-y), 
where the A+ are complex constants, and 
(4) 
X1=a2[1-M:(u,-C)*]lT,, (5) 
with u,.~u~/u, and T,=T2/T, representing the mixing-layer 
free-stream velocity and temperature ratios, respectively. 
The solution procedure is iterative. For a given distur- 
bance (real) frequency, w, the complex eigenvalue, a; is de- 
termined, such that the eigenfunction tiyj of Eq. (3) satis 
ties the boundary conditions. A Runge-Kutta method, 
combined with a shooting technique, was used to solve this 
eigenvalue problem. 
B. The mean flow 
In most experimentally generated mixing layers, the ini- 
tial region is dominated by the wake that arises from the 
finite thickness of the splitter plate and the drag of the two 
splitter-plate surfaces. The mean quantities of a developing 
shear-layer/wake flow. downstream of a splitter plate, can be 
obtained by direct numerical simulations. In order to sim- 
plify the analysis here, we assume that the mean-velocity 
profile is already known and composed of a hyperbolic- 
tangent profile plus a wake component that can be repre- 
sented by a Gaussian, as was utilized by Koochesfahani and 
Frieler in their incompressible shear-layer/wake flow stabil- 
ity analysis.” In this parametric model representation, the di- 
mensionless mean-velocity profile can be written as 
r4y)=u,+( I-Ur)~(y)-we-‘n*Y2, (6)’ 
where u, is the normalized velocity ratio, w is the normal- 
ized wake deficit parameter, and 
,!Jy)=gl +tanh(y>]. (7) 
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FIG. 1. Mean velocity profiles for a free-stream velocity ratio of u,=O.S. for 
different values of the normalized wake deficit, w. 
The mean-velocity profiles are plotted in Fig. 1, for a fixed 
velocity ratio, u,, for different values of the wake’ deficit 
parameter, W. The dimensionless mean-temperature protiles 
were obtained using the Crocco-Busemann relation,‘6-‘8 
and given by 
Y--l gy)=B$+B,qy)- 2 fkf:i&yj. (8) 
In this expression, B, and B, are constants, as required to 
satisfy the free-stream boundary conditions on the tempera- 
ture profile. 
Mean-temperature profiles using this relation, for 
n/l,=3.0, T,= 1.0, and ~~~0.5, are shown in Fig. 2 for dif- 
ferent values of the wake deficit, W. The effect of a velocity- 
profile wake component on the temperature profile can be 
seen to be considerable. The sensitivity of the results to the 
use of the Crocco-Busemann relation and the mean- 
temperature profiles was assessed separately, and will be dis- 
cussed below. 
III. RESULTS AND DISCUSSION 
Calculations of the instability characteristics of shear- 
layer/wake flows are discussed for two-dimensional, spa- 
tially develo‘ping disturbances, with a wake component given 
by w =O.O, 0.3, 0.4, and 0.5, for a range of free-stream Mach 
numbers. The primary purpose of this work is to study the 
effect of a wake component on the instability behavior of 
compressible mixing layers. As a consequence, the velocity 
and temperature ratios were fixed at u,=O.5 and T,=l.O in 
all the calculations. 
The convective Mach number has been suggested as the 
appropriate parameter scaling the effects of compressibility 
in supersonic shear layer Rows.~~‘~ In this calculation, it is 
defined, separately for each free stream, as 
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FIG. 2. Mean temperature profiles for a free-stream velocity ratio u,=O.5, 
temperature ratio T,= 1.0, and a high-speed Mach number of M , =3.0, for 
different values of the normalized wake deficit. W. 
111 -cp 
M ,, =- 
cp-U2 
a1 
> M,*=- 
a2 ’ 
where nt and a, are the free-stream speeds of sound and cP 
is the phase velocity of the most unstable eigenvalue. ’ * Al- 
ternative definitions of the convective Mach number have 
also been given, in which other estimates of the convective 
velocity, IC, , of the large-scale structures were used 
instead.9B’2*‘g~20 We regard the definition given by Eq. (9) as 
the appropriate one, in the context of the present discussion, 
providing a self-consistent definition with unstable-mode be- 
havior, as it relies on the phase velocity of the disturbances 
that is derived from the stability analysis itself. 
The spatial instability characteristics of the shear-layer/ 
wake How, as a function of the normalized wake deficit, w, 
are shown in Figs. 3(a) and 3(b), for subsonic convective 
Mach numbers, i.e., MC,<1 and M ,,<l. One of the main 
results, shown in Figs. 3(a) and 3(b), is that, for nonzero 
values of the wake parameter, w, subsonic disturbances pos- 
sess two unstable modes. These two unstable modes were 
classified as the shear-layer mode and the wake mode by 
Koochesfahani and Frieler.” In the zero-wake-component 
limit, the shear-layer mode approaches the solution for the 
hyperbolic-tangent mean-velocity-protile solution, while the 
wake mode vanishes. Another feature is also apparent in 
these figures. The neutral points of the shear-layer mode and 
the wake mode move to lower frequencies, while the maxi- 
mum amplification rates of the modes increase as the wake 
parameter, w, increases. This result is consistent with previ- 
ous studies for incompressible of shear/wake mixing-layer 
flows. 
After the disturbances of the shear-layer mode become 
supersonic, the shear-layer mode splits into two supersonic 
modes, whereas the wake mode remains unsplit (cf. Fig. 4). 
Therefore, three unstable modes are found. These findings 
agree with those of Liang et aL7 The wake mode in our stud- 
ies is related to the slow Mode II in the work of Liang et al7 
FIG. 3. Instability characteristics for u,=O.5 and T,= 1.0. (a) M ,=1.0; (b) 
M ,=2.0. 
The mode-splitting phenomenon was first identified by Jack- 
son and Grosch?” in supersonic mixing layers without a 
wake component. They classified the two supersonic modes 
as a slow supersonic mode, i.e., supersonic relative to the 
high-speed stream, and a fast supersonic mode, i.e., super- 
sonic relative to the low-speed stream. Here we define the 
more unstable supersonic shear mode as the strong mode and 
the less unstable supersonic shear mode as the weak mode. 
In the calculation of Liang et cd.,7 the slow Mode II (wake 
modej was the dominant mode in the initial mixing zone and 
became stable in the downstream region. In contrast to their 
result, the slow supersonic shear-layer mode emerges as the 
dominant mode in our investigations. We are not totally sur- 
prised by this difference, since which of the supersonic 
modes is more unstable can be expected to depend on the 
free-stream and mean-How conditions. The work of 
Koochesfahani and Frieler, on incompressible shear-layer/ 
wake flows, also showed a similar behavior, i.e., a dominant 
shear-layer mode, for some mean-How conditions, and a 
dominant wake mode for others. As can be also seen in Fig. 
4, the existence of a wake component can render the strong 
supersonic shear mode more unstable and the weak super- 
sonic shear mode less unstable. 
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FIG. 4. Effect of the wake deficit, w, on the instability characteristics of 
u,=O.5, T,= 1.0, and 11/1,=4.0 mixing layers. The wake mode is absent for 
w=O.O and stable for w=OS, and not shown. 
As the free-stream Mach number increases to a super- 
sonic convective Mach number regime, the maximum ampli- 
fication rate of the strong supersonic shear-layer mode in- 
creases to its local extremum value and then slightly falls 
again, while the weak supersonic shear mode and the wake 
mode eventually become stable [cf. Figs. 5(a)-5(c)]. Figure 
5(c) shows that ahhough the maximum amplification rate of 
the wake mode increases with increasing wake parameter, w, 
at the lower free-stream Mach numbers, at higher values of 
the wake parameter, the wake mode is the first to become 
stable as the free-stream Mach number increases. 
There is evidence in support of the proposal that experi- 
mental mixing-layer growth rates can be modeled as propor- 
tional to the maximum amplification rate of the unstable dis- 
turbances (e.g., Refs. 11, 15, 20, and 21). The result depicted 
in Fig. 5(a) shows that a wake component can be responsible 
for higher growth rates for supersonic mixing layers. 
Linear-stability analysis suggests that oblique waves will 
tend to dominate (unbounded) mixing layers with monotonic 
mean-velocity profiles at high Mach numbers.4715*20-22 Our 
calculations indicate that this is not always true for super- 
sonic, shear/wake mixing-layer flows. Oblique-wave mode 
calculations are plotted in Figs. 6(a) and 6(b), for wake- 
parameter values of w=O.3 and 0.5. It can be seen that the 
two-dimensional mode is the dominant mode, if a  strong 
wake component exists in the mean-velocity profile. Con- 
versely, a relatively weak wake component corresponds to a 
flow in which oblique waves dominate. 
Stability studies of wake-free shear layers inside a rect- 
angular channel, by Tam and Hu, as well as others, showed 
that two-dimensional, supersonic, instability waves are char- 
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FIG. 5. Maximum amplification rates for the shear-layer and wake modes 
for u,=OS, T,= 1.0, versus free-stream Mach number, MI, for different 
values of W . (aj Shear-layer mode (supersonic strong mode for supersonic 
disturbances); (b) supersonic weak mode; (c) wake mode. 
acterized by larger spatial growth rates than their three- 
dimensional (oblique) counterparts, for reasonably thick 
shear layers.239U 
Liang et al7 showed that the two-dimensional mode was 
the dominant mode for some downstream locations 
(~‘=0.05, 0.1, and 0.5). The downstream locations they 
chose were still in the initial mixing zone, however, and 
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FIG. 6. Amplification rate for three-dimensional disturbances: u,==O.5, 
T,=l.O, and iw,=4.0. (a) w=O.5; (b) w=O.3. 
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characterized by relatively strong wake components (cf. 
mean-velocity profile plot in their paper). Our result is in 
agreement with theirs, i.e., that the two-dimensional mode is 
the most unstable one for a shear-layer/wake flow with a 
strong wake component. They did not calculate oblique- 
wave behavior at farther downstream locations, such as 
x’= 1.0, 2.0 ,..., etc., however, and we cannot make any direct 
comparisons. But the fact that they found the oblique mode 
to be the dominant one, in the case of a small wake compo- 
nent, indirectly confirms our findings for supersonic mixing 
layers with relatively small wake components. 
shear Iaver mode shear layer mode 
10 
wake mode 
The pressure eigenfunctions, My), corresponding to the 
most amplified shear-layer (the supersonic strong mode, if 
the disturbances are supersonicj and wake modes are plotted 
in Figs. 7(a)-7(d), for free-stream Mach numbers, M, = 1, 2, 
3, and 4, and a wake parameter of w=O.4. The solid lines in 
these figures depict the real part and the dashed lines the 
imaginary part of the complex pressure eigenfunctions, rr(y) 
==p(y)+iq(y). For the case of M,=l.O [Fig. 7(a)], the real 
and imaginary parts of both modes decay exponentially away 
from the mixing layers, indicating subsonic disturbances. 
The calculations of the convective Mach numbers of these 
two modes also indicate subsonic disturbances (for the shear- 
layer mode MC1 =0.36 and for the wake mode M,,=0.62). 
As the free-stream Mach number increases, the wake mode 
disturbances are the lirst to become supersonic on the high- 
speed side [cf. Fig 7(b): M,, =0.71 for the shear-layer mode, 
while MC1 = 1.26 for the wake mode]. The radiative nature of 
the supersonic instability waves of the wake mode is evident 
in Fig 7(b). The pressure eigenfunctions, My), of the super- 
sonic strong mode and the wake mode are shown in Figs. 
7(c) and 7(d), for Ml=3 (M,,=1.19 for the supersonic 
strong mode, while M,,= 1.91 for the wake mode) and 
M, =4, respectively. The pressure eigenfunctions, 4y), dis- 
play an oscillatory decay in the stream with supersonic dis- 
turbances and an exponential decay in the stream with sub- 
sonic disturbances. 
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As noted above, the convective Mach number was based 
on the computed phase velocity, cp, of the most unstable 
disturbance, instead of an externally defined convective ve- 
locity, U, . If the convective velocity, II,, is estimated as that 
of the frame in which the isentropically recovered total pres- 
sure is matched,’ for example, we would get a result indicat- 
ing that mixing-layer disturbances, shown in Fig. 7(c), are 
subsonic, even though the (radiative) nature of supersonic 
disturbances indicates otherwise. Such estimates for the con- 
vection velocity, U, , cannot be used to calculate the convec- 
tive Mach numbers for mixing layers with a wake compo- 
nent. 
FIG. 7. Pressure eigenfunctions, a(y)=p(y) + iq(y), of the most amplified 
modes for mixing layers, with u,=M, T,= 1.0, and w=O.4. p(y): -, q(y): 
---_ (a) M,= 1.0, (b) M,=2.0, (c) M,=3.0, and (d) M,=4.0. 
The calculations were carried out to values of the free- 
stream Mach number of M,=4.5,5.75, and 8.0; for values of 
the wake deficit of w=OS, 0.4, and 0.3 [cf. Figs. 5(a)-5(c)], 
respectively, to avoid local values of the mean-temperature 
profile, q-y j, that become too small, and, eventually, nega- 
tive (by virtue of the Crocco-Busemann relation). The 
mean-temperature profiles, Ry ), and the local Mach-number 
profiles, M(y), where the calculations were stopped, are 
plotted in Fig. 8. 
from the Crocco-Busemann relation, which represents an 
independent assumption in these calculations. Specifically, 
on the assumption that the mean-temperature profile, ?(y), 
depends on the mean profile, $y), of the streamwise veloc- 
ity component, and that the Prandtl number is equal to unity. 
Variations in the specific heat and Prandtl number with tem- 
perature were not taken into account. If the local temperature 
becomes too small, the local Mach number would be ex- 
tremeIy high and the mixing layer becomes hypersonic. At 
such high Mach numbers, variations in the specific heat and 
Prandtl number with temperature are no longer negligible, 
and these assumptions can be expected to fail. 
As noted above, mean-temperature profiles were derived 
In order to check the sensitivity of our results on the 
assumptions that produced the mean-temperature profiles, 
two alternative mean-temperature profiles were also consid- 
ered. The first alternative was represented by a hyperbolic- 
tangent profile plus a wake component, i.e., 
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FIG. 8. Mixing-layer behavior for u,=O.5 and r,=l.O. (a) Temperature 
profiles for M,=4.5, w=O.5; M,=5.75, w=O.4; and A4,=8.0, w=3.0. (b) 
Local Mach number protiles for the three cases. 
Ilv)=T,+(1-T,)e(y)-WTe-In*y2. (10) 
The second alternative was a hyperbolic-tangent profile only 
(wT=O), i.e., 
%Y)=Tr+(l ,TAl(Y). (11) 
Comparisons of these two mean-temperature profiles with 
the Crocco-Busemann relation are shown in Fig. 9, for 
u,.=OS, T,=l.O, and w=O.4, at different free-stream Mach 
numbers. The maximum amplification rate versus free- 
stream Mach number, M  1, is plotted in Fig. 10(a) for the 
three mean-temperature profiles, using the same mean- 
velocity profile with a wake component. For subsonic con- 
vective Mach numbers, which correspond to the range 
M,<3 for these flow parameters, nearly identical maximum 
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FIG. 9. Mean-temperature profiles for u,=O.5 and r,=l.O. Crocco- 
Busemann relation with w=O.4: ---; hyperbolic-tangent temperature profile 
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FIG. 10. Normalized amplification rates of the shear-layer mode of the 
velocity profile with w =0.4 (supersonic strong mode for supersonic distur- 
bances), versus the free-stream Mach number, M, , for u,=O.5 and T,= 1.0. 
(a) Crocco-Busemann relation with w =0.4: -; hyperbolic-tangent tem- 
perature profile with w=O.4: ---; hyperbolic-tangent temperature protile 
with w=O.O: ... . (b) Hyperbolic-tangent temperature profile with w=O.O; 
velocity profiIe with w=O.4: --; velocity profile with w=O.O: ---. 
amplification rates are obtained with the Crocco-Busemann 
relation and the hyperbolic-tangent mean-temperature profile 
of Eq. (11). The maximum amplification rate is higher, how- 
ever, when the hyperbolic-tangent temperature profile plus a 
wake component [i.e., Eq. (lo)] is used. The difference be- 
tween the maximum amplification rate decreases as the free- 
stream Mach number increases. In the supersonic convective 
Mach number regime, similar trends in the maximum ampli- 
fication rate are observed, regardless of the mean- 
temperature profile used. Figure IO(b) shows the calculated 
maximum amplification rate using the same hyperbolic- 
tangent temperature profile, without a wake component [Eq. 
(11)], and two different velocity profiles, with and without a 
wake component. For the case with no wake component, the 
maximum amplification rate decreases monotonically to zero 
as the free-stream Mach number increases into the super- 
sonic region, as has been noted in previous studies,47’5Z20721 in 
clear contrast, as shoyn here, to tlows with a wake compo- 
nent in the velocity profile. 
The data in Figs. 10(a) and 10(b) are replotted in Figs. 
I l(a) and 1 l(b), versus the high-speed free-stream convec- 
tive Mach number, M,,, computed on the basis of the phase 
velocity, cP [Eq. (9). In terms of this variable, the maximum 
amplification rate reflects the change in behavior at a con- 
vective Mach number of unity, as do the experimental 
mixing-layer growth data, and lends additional support for 
the choice made in Eq. (9) as the definition of the convective 
Mach number(s), as the appropriate one for this analysis. 
For supersonic mixing layers, we may conclude, on the 
basis of the results depicted in Figs. 10 and 11, that the 
mean-temperature profile has a weaker effect on the maxi- 
mum amplification rate. It is the presence of a wake compo- 
nent in the velocity profile that exerts the crucial influence on 
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FIG. 11. Normalized amplification rates of the shear-layer mode versus the 
convective Mach number, M,,. For the legend, see Fig. 10. 
the growth rate. Supersonic mixing layers with a wake com- 
ponent in the mean-velocity profile, become more unstable 
and are characterized by a maximum amplification rate that 
stops decreasing with increasing free-stream Mach number. 
IV. CONCLUSIONS 
Our results show that the existence of a wake component 
in the mean-velocity profile of compressible mixing layers 
can have a large affect in the stability behavior of the flow. In 
incompressible shear/wake mixing-layer flows, there are two 
unstable modes, the shear-layer mode and the wake mode. 
The maximum amplification rates of these two modes in- 
crease with increasing wake deficit. For supersonic convec- 
tive Mach numbers, the shear-layer mode splits into two su- 
personic modes, the strong supersonic mode and the weak 
supersonic mode, whereas the wake mode remains unsplit. In 
supersonic mixing layers, two-dimensional modes are domi- 
nant, if the mean-velocity profile is characterized by a strong 
wake component. W ith a relatively small, or no, wake com- 
ponent, oblique wave modes (in unbounded shear layers) are 
dominant. Studies of wake-dominated mixing layers also 
suggest-that larger values of the amplification rate at high 
free-stream Mach numbers can be obtained by increasing the 
wake deficit. For supersonic mixing layers with a wake com- 
ponent in the mean-velocity profile, the mixing layer be- 
comes more unstable and the maximum amplification rate 
does not decrease monotonically to zero with increasing free- 
stream Mach number. 
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